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I. An Inquiry concerning the Figure of fuck 
Planets as revolve about an Axis ,fuppoJing 
the SDenfity continually to vary, from the 
Centre towards the Surface 3 by Mr. Alexis 
Clairaut, F. R. S. and Member of the Royal 
Academy of Sciences at Paris. Tranflated 
from the French by the Rev. John Colfon. 
Lucas, prof Math. Cantab, and F. R. S. 

N Otwithftanding that Part of Sir Ifaac New¬ 
tons Mathematical Principles of Natural 
Philofophy, where he treats of the Figure of 
the Earth, is deliver’d with the ufual Skill and Ac¬ 
curacy of that great Author; yet I thought fomething 
farther might be done in this Matter, and that new 
Inquiries may be propofed, which are of no fmall 
Importance, and which poflibly he overlook’d, 
through the Abundance of thofe fine Discoveries he 
was in Purfuit of. 

What at firft feem’d to me worth examining, when 
I apply’d myfelf to this Subjeft, was to know why 
Sir Ifaac affirmed the Conical Ellipfis for the Figure 
of the Earth, when he was to determine its Axis? 
For he does not acquaint us why he did it, neither 
can we perceive how he had fatisfied himfelf in this 
Particular: And unlefs we know this, I think we 
cannot kitirely acquiefce in his Determinations of the 
Axes of the Planets. It feems as if he might have 
took any other oval Curve, as well as the conical 
Ellipfis of Apollonius, and then he would have come 
to other Conclufions about thofe Axes. 
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I began then with convincing myfelf by Calcula¬ 
tion, that the Meridian of the Earth, and of the other 
Planets, is a Curve very nearly approaching to an El- 
lipfis; fo that no fenfible Error could enfuc by fuppofing 
it really fuch. I had the Honour of communicating 
my Demonftration of this to the Royal Soctety, 
at the Beginning of the laft Year; and I have fince been 
inform’d, that Mr. Stirling , one of the greateft Geo¬ 
metricians I know in Europe , had inferted a Dif- 
courfe in the Philojbphical TranfaHions , N? 4.38. 
wherein he had found the fame thing before me, but 
without giving his Demonftration. When I fent that 
Paper to London , I was in Lapland , within the frigid 
Zone , where 1 could have no Recourfe to Mr. Stir* 
lings Difcourfe, fo that I could not take any Notice 
of it. 

The Elliptical Form of the Meridian being once 
proved; I no longer found any thing in Sir Ifaac 
Newton, about the Figure of the Earth, which could 
create any new Difficulty j and I fhould have thought 
this Queftion fufficiently difeufs’d, if the Obfervations 
made under the Ardtick Circle had not prevail’d on 
us to believe, that the Shape of the Earth was ftill 
flatter than that of Sir Ifaac’ s Spheroid; and if he 
himfelf had not pointed at the Caufes, which might 
make Jupiter not quite fo flat, as by his Theory, and 
the Earth fomething more. 

As to Jupiter , he fays, IP age 41 6 of the 3d Edi¬ 
tion of Phil. Nat-. Prin. Math.) that its Equator 
sonfifts of denfer Parts than the reft of its Body, be- 
caufe its Moifture is more dried up by the Heat of the 
Sun. But as to the Earth, he fufpefts its Flatnefs to be 
a fmall. matter greater than what arifes by his Calcu¬ 
lation 
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lation. He infinuates, that it may poffibly be more 
denfe towards the Centre than at the Superficies. 
{See Art. XXIV. following) I am fomethlng fur- 
prized that Sir Ifaac Should imagine, that the Sun’s 
Heat can be fo great at Jupiter’s Equator, when it 
has no fuch Effect at that of the Earth j and that he 
does not afcribe each to a like Caufe, by fuppofing 
alfo, that Jupiter may be of a different Denfity at the 
Centre from that at the Superficies. 

But whatever Reafbn he might have for introducing 
two different Caufes, I give the Preference to the 
Hypothesis which fuppofes unequal Denfities at the 
Centre and at the Circumference. I have inquired, 
by the Affiftance of this Theory, what would be the 
Figure of the Earth, and of the other Planets which 
revolve about an Axe, on Suppofition that they are 
compofed of fimilar Strata, or Layers, at the Surface; 
but that their variable Denfity, from the Centre to¬ 
wards the Circumference, may be expounded by any 
Algebraical Equation whatfoever. 

And though my Hypothefis Ihould not be conform¬ 
able to the Laws of Nature, or even though it Ihould 
be of no real Ufe (which would be the Cafe, if the 
Obfervations made by the Mathematicians now in 
iTeru , compared with ours in the North, fhould re¬ 
quire that Proportion of the Axes, which is derived 
from Sir Ifaac’ s Spheroid); I thought however that 
Geometricians would be pleafed with the Speculations 
contain’d in this Paper, as being, if not ufeful, yet 
curious Problems at leaft. 




Part 
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Part I. 

In which are found the Laws of Attraction, 
which are exerted upon Bodies at a Di- 
ftance, by a Spheroid compos'd of Orbs of 
different Degrees of Denfity. 

Problem I. 

To find the Attraction which a homogeneous Sphe¬ 
roid BNEbe, (Tab. i. Fig. i.) differing but very 
little from a Sphere, exerts upon a Co rp ufcle placed 
at A in the Axis of Revolution. 

I. We may conceive the Space BNEbDMB, in¬ 
cluded between the Spheroid and the Sphere, to be 
divided into an infinite Number of Sections perpen¬ 
dicular to the Axe ACb. Suppofing then that every 
one of the Particles, which are contain’d in one of 
thefe Elements or Moments Nnm M, exerts the fame 
Quantity of Attraction upon the Body at A, which 
may be fuppos’d becaufc of the Smallnefs of N M 

we fhall have CaxPM s x Ppx Arr. for the Attraction 

r A M 3 

of any one of thefe Elements; putting c for the Ratio 
of the Circumference to the Radius, and a for the 
given Ratio of MN to PM ? that is, of DE to CD. 

Now if we make CA=e, CB=r, AM=z; and 
for PM, AP, Pp, if we fubftitute their Values ex- 
prefs’d by z, and then feek the Fluent of the forego¬ 
ing Quantity 5 we fhall have 1 SAL 3 . —for the 

3 ee 5e* 

Value 



[ i*> ] 


Value of the whole Attraction of the Solid gene¬ 
rated by the Revolution of BDbEB: To which if 

we add the Attra&ion of the Sphere, we fhall 
have lllSf i£ll-— 1£1T- for the required Attraction 

3ee aee 5e 4 * 

of the Spheroid upon the Corpufcle A. 


Problem II* 

Suppofing now the Spheroid Bcbe (Fig. 2 .) to be no 
longer of a homogeneous Matter , but to be com¬ 
pos d of an infinite Number of Elliptical Strata, 
all fimilar to BEb, the Denfities of which are 
reprefented by the Ordinates KT of any Curve 
whatever VT, of which we have the Equation 
between CK and KT; the Attraction is required 
which this Spheroid exerts upon a Corpufcle 
placed at the 'Pole B. 

II. Making BC=e, CK=r, by die foregoing Pro- 

„ . „ , , , 2r*c i 4-cr i a. 4.00.1* r 

pofition, we fliould have — + —-— for 

the Attraction of the Spheroid KLK, if it confided of 
homogeneous Matter j and the Fluxion of this Quan¬ 
tity ----- - + —- r — r — 1-.~ - would be the Element 

e« ee e 4 

or Moment of the Orb KLKklk. But becaufe the 
Denfity is variable, wc muft multiply this Value of the 
Attra&ion of the Orb by KT, and the Fluent of this 
Quantity will be the Value of the Attraction of the 
Spheroid KLK. 

As to the Value of KT, which exprefies the Den- 
ftty of the Stratum or Bed KLKklk, we fhall take 

only 
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only frP-j-gr^, becaufe we (hall fee afterwards, that 
a Value more compounded, at frP+gri-f-hr'-f.ir*, 
dye. which by the Property of Series may exprefs ail 
Curves, would not produce any Variety in the Cal¬ 
culation. 

Therefore multiplying the foregoing Equation by 

-- 

frP-j-gr^, wc(hallhave 2cfXT +^I-~* c « fr — 

eeX^ + p e^xj+p 

, .___ 3 q ^, j, q 

^_ acgxi- 4 - 2 *xr _ ^c*gr for the Quantity 

1 ee X ? + q e 4 *5+q 

of Attraction of the Spheroid KLK, exerted upon a 
Corpufcle placed at B. ' 

III. In this Value making r=e, we fhall have 

aefe 1 "^! 8cfe . 2 cge 1 ^ . 8cge 1 

3*4* P 3+P x 5-rP 3 + 9 3+4 x 5+q > 

which will exprefs the Force of Attradion of the 
Spheroid BEb, exerted upon a Corpufcle placed at 
the Pole B. 


Theorem. 

A Corpufcle being placed in any Toint N of the Sur¬ 
face of the pregoing Spheroid BE be, I fay it 
will undergo the fame Attraction from this Sphe¬ 
roid, as if it were placed at the Role N ofafe- 
cond Spheroid revolving about the Axe N O, the 
fecona Axe being the Radius of a Circle equal in 
Superficies to the Elltpfis F G j fuppofing this fe- 
cond Spheroid NGOF (Fig. 3.) to be compofed of 
the Strata Mm qQ^ whofe c Denfities are the fame 
as thofe of the Strata KkLIKk, of the firfi 
Spheroid. 


IV. Li 
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IV. In theDifcourfe I had the Honour of commu¬ 
nicating to the Royal Society, being then at 
Torneo , printed in the Thilofophical TranfaEtions; 
N° 44.f. I have demonftrated this Propofition as to a- 
homogeneous Spheroid s and the fame Reafoning will 
obtain in this Cafe alfo. 

Problem III. 

To find the Attraction which the Spheroid Be be 
(Fig. 2.) exerts upon a CorpuJ'cle placed at any 
point N of the- Superficies . 

V. We will make, as above, BC—e, CE=e+e«, 
and alfo CN=e + eA, and half the Conjugate Dia¬ 
meter of CN will be CG=e+e«—eAj whence the 
Radius of a Circle, equal in Superficies to the Ellipfis 
EG,, will be a mean proportional between CE and 

and CG, that is to fay, e+e a— ~e a. Therefore the. 

Spheroid BE be exerts the fame Attraction at N, as 
would be exerted at the Pole of a Spheroid N G O F, 
(Fig. 3.) of which the principal Axis would be 
NO-2e+2eA, and the fecond would be to the 

Principal as i+a~-A to 1. 

Therefore in the Exprefllon of the Attraction at the 
Pole, (Art; III.) we muft fubftitute e-f-e a inftead Of 

e. and a—-A inftead of «r. But if f and g muft no 

longer be the fame; for we may eafily perceive by the 
foregoing Theorem , that the Denfity muft be the fame 
in this Spheroid N G O F, at the Diftance r-f-r A from 
the Centre^ as it is in the Spheroid BE be at the 

Diftance 



[ »*4 ] 

Diftance r. Therefore f ( p +g (j-q—) q ffluft be 

put inftead of fe p _j_ge q . Thus we fnall have 
acfe I+ P + J^cf*e*+P 8 c f*e I+P + acge’ + q 
3 + P 3 + P*5 + P 3 + P ++P 3+q 

J ag —acg*e I+q jcgjse^j^ f or the Attraction of 
3+q*s+q 3+q*5+q 

the Spheroid BE be at N. 

VI. If we make h—a, the foregoing Expreflion 

will be reduced to this - SlL -lt- P j_ 

. 3+P ^ 5+P 

. 2 c £ e 1 ‘ ^ . %c ge 1 ^ which exprefles the At- 

+-?+T" + ?+<) ” 

traCtion of the Equator. 

VII. If we would have the Attraction at any Point 
M within the Spheroid, in the Expreflion of the At¬ 
traction at N, we mud put r inftead of e. The Proof 
of this is plain front the fame Reafons that Sir Ifaac 
Newton makes ufe of, ( Corol. 3. Trop. XCI. L. 1. 
Trincip. Math.) to fhew that the Attraction of an 
Elliptic Orb, at a Point within it, is none at all. 

Problem IV. 

Let RnrTr (Fig. 4.) be a Circle whofie Centre is Y; 
’tis required to find the Attraction which this 
Circle exerts upon a Corpufcle at N, according to 
the ‘Direction HY; fuppofing the Toint H, which 
anfwers perpendicularly below the Toint N, to be 
at a very fmall Difiance from the Toint Y. 

VIII. Let there be drawn dHtt perpendicular to 

-the Diameter RYr, and let the Space REIt betranf- 

ferr’d 



[ >8j ] 

•fer’d to tITZ. Then the Space 7rZnr will be the 
only Part of RnrTr, which will attract the Body N 
according to HY. 

To find the Attraction of this little Space, we will 
fuppofe it to be divided into the Elements TtsS, the 
Attractions of which, according to HY, will be 

or the Fluent of which 

is the Attraction of TZrS, according 
to HY. In which if we put n x for H Q, we fhall have 

n h x R-x 2 HY _„ IH Y x n H * x for t j ie Attraction 
FIT* or —i 
required. 

IX. It is eafy to perceive, that if, inftead of a Circle, 
the Curve Rnr were an Ellipfis, or any other Curve 
whofe Axes were but very little different from one 
another, the foregoing Solution would be (till the 
fame. 

Problem. V. 

To find the Attraction which an Elliptical Spheroid 
KLk (Fig. y.) exerts upon a Corpufcleplaced with¬ 
out its Surface at N, according to the ‘Direction ’ 
CX perpendicular to CN. 

X. To perform this, we will begin by drawing the 
Diameter C^v y which bifeCts the Lines Rr perpendi¬ 
cular to CN; and the Ratio of CH to HY fhall be 
call’d n. Then efteeming the Ellipfis Rr as a Circle, 
(fee the foregoing Article) we fhall have by the Pro¬ 
blem aforegoing 2 ncxRH> xCH for its Attraction, 

-NR* J 

O a 


according 



C 

according to HY ; which being multiply’d by the 
Fluxion of MH, the Fluent of this will be the At¬ 
traction of the Segment of the Spheroid RMr. 

This Calculation being made, and N m being fub- 

ftituted for NR, we {hall have — for the Attrac- 

tion of the Spheroid in N, according to the Direc¬ 
tion CX. 

Problem VI. 

To find the Attraction of a Corpufcle N, according 
to CX, towards an Ellipfoid BNEbe, compofed 
of Strata , the Ttenfities of which are defined by 
the Equation D=fr?+gr < J. 

XI. Take the Fluxion of the Quantity 
which expreffes the Attraction of the homogeneous 
Ellipfoid KLk, and you will have for the 

Attraction of an infinitely little elliptick Orb 5 which 
being multiply’d by the Denfity D, gives acnfr ^ ^Pr 

the Fluent of which ? ~ 

“ e4 5 + pxe-t. 

* s t j le Attraction 0 f the Spheroid 

5 4 “ 4 x - 4 

KLk, according to CX. Therefore the total At¬ 
traction of the Spheroid BNEbe upon the Cor¬ 
pufcle N, according to the Direction CX, will be 

acfne 1 ""^ \ 2.cgne 1 ~^~ q . 

~“ 5 +"p 5 +s 


Now 
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Now if we have regard to the Smallnefs of the 
Line N v, and obferve how little the Angle |/N C will 
differ from a right one, we may perceive that the Dia¬ 
meter CN contains the fame Angle with the perpen¬ 
dicular NX in N, as the Diameter CN with the per¬ 
pendicular a t vi that is to fay, that the Angle NCv 
is the fame as the Angle CNX 5 fo that inftcad of n we 

may take Wherefore the foregoing Expreffion of 


the Attraction of the Ellipfoid B E b e, acting accord¬ 
ing to the Direction CX upon a Corpufcle placed in 
c 1 —J— p CX i -{-q CX 

< a p f p 1 t . r ff p 1 1 


N, will be 


5 + P 


. I . ?- c g; e ■ 

5 + q 


Problem VII. 

To find the E) ire Elion of the Attraction of a Cor* 
pufcle N towards the Ellipfoid. 


XII. By the fecond Problem we fhall find the At¬ 
traction of the Spheroid according to CN to be 


.i + P 


,i+q 


a C \~^ ? by expunging what may be 

here expunged. Then by taking a fourth proporti¬ 
onal to thefe three Quantities, the firft of which is the 


Attraction according to CN, the fecond is that ac¬ 
cording to CX, and the third is the right line CN it 
there will arife 


. 1 4 - p 1 -f-q 

fe ' .p ge ~ * 
5 +P 5 +q 


fe‘ + P ge x + q 
3*fp + 3 + q 


xCXasCI. 


O 0 a 


Whence 
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Whence we fhall have NI for the Direction requir'd, 
of the Attra&ion of the Corpufcle N. 

XIII. If we fuppofe p=q=o, that is, if the Sphe- 

■&' r\ 

riod be homogeneous, we fhall have CI = -GX; 

which agrees with what Mr. Stirling has found, in 
that curious Differtation he has publifh’d in the Philo- 
fop hi cal Tranfattions, N° 438. 

Part If. 

The Ufe of the foregoing Problems, in finch 
ing the Figure of Spheroids, which revolve 
about an Axis. 


XIV. ,Let us now fuppofe, that the foregoing Sphe¬ 
roid BNEbe, (Fig. y.) which is ftill compofed of 
Beds or Strata of different Denlities, revolves about 
its Axis Bb, and that it is now arrived at its per¬ 
manent State. It is plain that the Particles of the 
Fluid, which are upon its Surface, rauft gravitate ac¬ 
cording to a Direction perpendicular to the Curvature 
B N E; for without this Condition there could be no 
^Equilibrium. 

We fhall now inquire, whether the Elliptic Figure 
we have afcribed to our Spheroids can have this Pro¬ 
perty, and to produce this Effeft,. what mud be the 
Relation between the Time of Revolution of the 
Spheroid and the Difference of its Axes. 

Let us then put $ for the centrifugal Force at 
the Equator, and the centrifugal Force at N will be 
fxPN _ <pxCx 


CE 


> ° r aCfcx*’ 


becaufe aPNxa—Cx. 
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By refoking this centrifugal Force according to the 
Perpendicular to CN, vve fliall have — ; *whieh 


being added to 


2*XCE 

,^ + P CX 2cae i + q CX 
5<CN+ . r 


2 ~ S T+~ X CNT —^Tq — x CN’ 
found by Prob. V. will give the whole Force of the 
Body N, according to the Dire&ion CX, when the 
Spheroid is converted about its Axis. But becaufe 
this Body, by virtue of the Attra&ion according to 
C N, and the Force according to C X, ought to have 
a perpendicular Tendency to the Superficies; we fh'ali 

3 + P 


fhall have this Analogy, CN. CX: 


4 


2 ce e 


i+q 


CX 


CX 
' CN 


3 ^ 


CE 


4 


aefe 


i+p 


5+p CN 


CX „ „ l-f-q 

__j_ 2 cge H 


5 + q 


And hence, becaufe CN and CE may be 
aflumed' as the fame on this-Occafion, it will be 


^ 8 cf e 1 4~ Pet | 8 c ge 1 4^ ^ 

T+p*FFp vRxT+q 

And as in this Value of the centrifugal Force, no 
Quantity enters but what wilt agree to any Point N-> 
we may therefore conclude, that 

wh “ our ru pp° s ’ d ? llipti<:al Spheroid 

cal. Bodies willgra- performs its Rotation in a proper 
vitate perpendicu- Time, fothat the centrifugal Force 
larly to tts Surface. at t { lc Eq Ua t 0 r may be as before; then 

the centrifugal Force in any other Place N will be 
fuch as it ought to be, to caule Bodies to gravitate in a 
perpendicular Dire&ion to the Surface. 


XV. If 
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XV. If we now confider, that 
TbeExprefflonfor ££> (Fig. <5 \ being taken for the 

Vlat ra oTtb?s$l centrifugal Force in E, then will 
raid. MN cxprefs the centrifugal Force 

in N, and confequcntly MI will be 
fuch a Fart of this Force as ads according to N Cj we 

fhall have ~ fe ^ to be fubtradcd 

3 +pXJ + p 3-f.qXJ-fq 

from the Attraction at N. Hence 

_ > + p 

^,2 p—- io c f Xe 1 F . Scfae 1 *^*' ) | acge 1 

3 + px S + P, **" 3 = +P x T+P ' 3 + q 

~ 10 .S.g* ll*? c ^e 1 + q wi n be the Gra- 

3-F-qXj + q 8 —{— q X 5 -f-q 

vity at N. 


XVI. In this Value making As=a, we fhall have 

The Gra- c 1 -4- p -* . 1 -4— p 1 "I - q 

vity at the acfe ^ p _|_ 2 p — acfae T ^i£ge- 

Equator. 3 + P 3 + P*5+p 3 H~q 


j 2 ^~ 2Cg - e for the Gravity at the Equator. 

3 +q^T + q 

XVII. If we fubtrad the Value of the Gravity in 
N from the Value of the Attra&ion or Gravity at 

the Pole, (Art. III.) we fhall have i° T 2 i > . -- f AL._~^ ll . P 
_ 3 +pxy+p 

^ 10—2^g g ut ea fy to perceive, that 
3 + q*5 + q 

A is proportional to the Square of the Sine of the 
Arc PM, or of the Complement of the Latitude. 
Whence we may therefore conclude, that the Dimi¬ 
nution 
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nution of the Gravity from the Pole to the Equator is 
proportional to the Square of the Coline of the Lati¬ 
tude ; or, which is the fame thing, that the Augmen¬ 
tation of Gravity from the Equator to the Eole is 
as the Square of the Sine of the Latitude, as Sir 
Ifaac Newton has demonftrated in his Hypothelis of 
a homogeneous Spheroid. 

XVIII. From the following Calculation it is eafy to 
conclude, that Sir Ifaac’s Theorem, {Erin. Math. 
L. III. Prop. XX.) which is this, that the Gravity in 
any Elace within is reciprocally as the Di/lance 
from the Centre , cannot obtain here. For we may 
fee by the foregoing Expreffion, that the Gravity in 
N cannot be to the Gravity in P as i to i -j-A, except 
when p == q=o, which happens only in Sir Ifaac’s 
homogeneous Spheroid. 

It was for want of conftdering, that this Theorem 
was demonftrated by Sir Ifaac only in the Cafe of his 
homogeneous Spheroid, that feveral v Geometricians 
have too haftily concluded, this Theorem might be 
apply’d to determine the Ratio of the Earth’s Axes, 
and the Lengths of the Pendulum obferved in two 
Places of different Latitudes. Dr. Gregory is one of 
thofe who have fallen into this Miftake, in his Ele¬ 
ments of Aftronomy, Lib. III. Seft. 8. Prop, f z. And 
in the EhilofophicalTranfaElions, 432. it is con¬ 
cluded, from the Proportion of Gravity at Jamaica 
to that at London , that the. Diameter of the Equator 
muft exceed the Earth’s Axis by y-^th Part, which 
Computation was founded on this 20th Propolition, 
Lib. III. of Sir Ifaac’s Erincipia, which is true only 
of his Spheroid. 


XIX. Let 
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^ XIX. Let us now fuppofe, that 

finding IhTTxesff the centrifugal Force at the Equa¬ 
te spheroid, the tor is known by Obfervation, as 

Variation of the a if Q within the Earth, &c. and that 
Denfties of the \ 

Strata being taken it is a certain Part - of the Gravity; 
fit pie#C ut c ^ 

f J by Articles XIV. and XVI. we (hall 

have this Equation: 

zcfe 1 ^? 2D—2cf,e 1 | 2 c g e 1 

3 + P ( 3 + P x HFp 3 + q 

2 q — 8c f m e 1 j 8 c m g e 1 

3 + q x 5 + q" 3 + p x *+p 3 +q x 5+q 
From hence it will be eafy to derive the Value of .a, 
becaufe f,g,p,q, will be given, from the Hypothefis 
that will be chofen, for the Variation of the Denfity 
in the internal Parts of the Spheroid. 

XX. And if on the contrary a be given, that is, if 
we know by 'Obfervation the Ratio of the Axes of 
the Planet concern’d} then by the foregoing Equation 
we may perceive, whether we have affirmed an agree¬ 
able Hypothefis for the Variation of the Denfities: 
But we cannot precifely determine what this Hypo¬ 
thefis muft be, becaufe there is but one Equation, in 
which four indeterminate Quantities f, g,,p, q, are in¬ 
volved. And indeed there might be many more than 
four indeterminate Quantities, if we ihould afifumc 
more than two Terms in the general Equation of the 

.Denfities D=fr p -f-gr q -f-hr s , <&c. 

XXI. In order to apply the foregoing Theory to the 
Earth, it might feem-at firft Sight, that by the Affift- 
ance of Obfervations made for meafttring the -Length 

of 
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of the Pendulum, we might have other Equations, 
which with the foregoing Equation A, would deter¬ 
mine the Coefficients & Exponents now mention'dj 
but we (hall foon fee the Impoffibility of this upon two 
Accounts: Firft, There need be only two Obferva- 
tions, as to what concerns the Length of the Pendulum. 
For becaufe by Art. XVII. the Augmentation of the 
Gravity from the Equator to the Pole is proportional 
to the Square of the Sine of the Latitude, two Obfer- 
vations as much determine the Problem as an infinite- 
Number can do: So that we could have but one other 
Equation befides the foregoing. This Equation, will 

__ 5 — P f g- -|- 

be (B) p—p H-qxH-q 

p J3 xf * »_ f [ s » 

■j+p * 5 -f~p ‘ 3 +p * 3 -fq ~ 3 +q * 5+q 
The firft Member of this Equation exprefles the Gra¬ 
vity at the Equator fubtraftcd from the Gravity at the 
Pole, and divided by the Gravity at the Equator; a 
Quantity which may be known in Numbers, by deter¬ 
mining the Length of the Pendulum at two different 
Latitudes. The other Member of the Equation is art 
Expreflion of the fame Quantity,, as it is deduced by 
the preceding Calculus. 

Secondly, This new Equation B cannot be of any 
Service in determining the Coefficients and Expo¬ 
nents f,g,p,q,e^r. For we fliall now {hew, that the 

t 

foregoing Ratio P~~ P has fuch an immediate Con* 

nexion with a, that one of them being determin'd* 
the other wiU neceffarily be fo too, independently of 

P p the 
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the Values of f,g,p,q, &c. This may deferve our 
Attention, and the Proof is thus: 

XXII. Becaufe the Ratio of the Gravity to the Cen¬ 
trifugal Force is very great, and is exprefs’d by ro,. in 
the Equation A we may rejed the third and fourth 
Terms; by which means the Equation will be reduced 

f . g __4 mfa _ 4-m g« 

to this, 3 —f- q 3 -j- p X 5 -j- p 3+qX5+q 

And if from this Equation wc deduce the Value either 
of f or g, and fubftitute it in the Equation B; (having 
firft rejected the firft and fourth Terms of the Deno¬ 
minator^ as in this Cafe may be done) we fhall have 
after the Calculation is made, whatever is the Num¬ 
ber of Terms in the Equation of the Denlities, 

i / 

P— P — 10 «, or P~~ p — JL «, by putting 288 for 

p 4 m pus 

The Figure of m >. aS bas been lon g kn °W n ' 

the spheroid being It is eafily feen from this Equation, 

known, the Aug *- * 

mentation of Gra- that when ct is determined, P.TZP 
vity from the Equa- p 

tor to the Pole -will will be io too, which was the 

be known alfo-, and thing propofed to be proved. 
jo vice'veria. 0 4 47 

XXIII. But from this Equation there follows a very 
lingular Proportion, and which, in fome fort, is con¬ 
trary to the Sentiments of Sir Ifaac Newton, , Page 
43 0 * of the 3d Edition of his Principles. And this 
is, that if by Obfervation it fhall be difeovefd, that 
the Earth is flatter than according to the Spheroid 
of Sir Ifaac, that is, if the Diameter of the Equa¬ 
tor exceeds the Axis by more than the rtu Tart, the 

Gravity 
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Gravity-will increafe lefs from the Equator towards 
the ‘Pole , than according to the Table which he has 
given for his Spheroid-, Prop. XX.. of the 3d Book. 
And on the contrary, if the Spheroid is not fo flat, 
the Gravity will increafe more from the Equator 
towards the Pole. 

XXIV. Tis thus that Sir Ifaac Newton expreffes 
himfelf about it, when he relates the Experiments 
made towards the South, concerning the Diminution 
of Gravity, which Experiments make it greater than 
his Theory requires. He affirms, 
that the Earth is denfer towards the 
Centre than at the Superficies, and 
more deprefs’d than his Spheroid re¬ 
quires. But by the foregoing Theory 
we may eafily perceive, that if the 
Denfity of the Earth dimimfhes from 
the Centre towards the Superficies, 
the Diminution of Gravity from the 
Pole towards the Equator will be 
greater than according to Sir Ifaac' s 
Table; but at the fame time the 
Earth will be not fo much deprefs’d 
as his Spheroid requires, inftead of 
being more fo, as he affirms. Yet 
I would not by any means be underftood to de¬ 
cide agaitift Sir Ifaac’ s Determination,, becaufe I 
cannot' be affined of his Meaning, when he tells 
us, that the Denfity of the Earth diminifhes from the 
Centre towards the Circumference. He does not 
explain this, and perhaps inftead of the Earth’s being 
compos’d of parallel Beds or Strata, its Parts may be 

Pp 2 com 


Et exceffus longi- 
tudinis Penduli Pa- 
Piftenfis fupra lon- 
gitudines Pendulo-* 
rum ifochromrum m 
his latitudinibus ob- 
fervatas 5 funt paulo 
majores quam pro 
Tabula longitudi- 
num Penduli fupe - 
rius computata. El 
propterea Terra alt - 
quanto altior eft fub 
aquatore 5 quampro 
fuperlore calculo^ <& 
denfior ad centrum 
quam in fodinis 
prope fuperficiem . 
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conceived to be other wife arranged and difpofed, fo 
as that the Proportion of Sir Ifaac (hall be agreeable 
to the Truth. 

XXV. As to Dr. Gregary , who has attempted to 
comment upon this Padage of Sir Ifaac, I think 1 have 
demonftrated, that he has committed a Paralogifm. 
He fays {'Element. Afironom. Lib. III. §. VIII. Prop. 
LII. Schol.) that if the Earth is denfer towards the 
Centre, or if (for Example) it has a Nucleus of greater 
Weight than the other Parts, the Diminution of Gra¬ 
vity from the Pole towards the Equator fhall be greater 
than if the whole were of the fame Denlity ; and in 
this he is right. But he is in the wrong (I think) im¬ 
mediately to conclude from thence, that the Earth 
has a greater Flatnefs. Whence can he conclude this ? 
It can be only from that Proportion of Sir Ifaac which 
informs us, that Gravity is in a reciprocal Ratio of the 
Diftances j becaufe he gave us the Proportion but the 
Page before, as a Method for determining the Figure 
of the Earth. But we are not allow’d to make ufe 
of this Propofttion in this Cafe, becaufe it has been 
fhewn, Art. XVIII. that it can take Place only on 
'the Suppofoion of a homogeneous Spheroid. There¬ 
fore, ire. 

XXVI. It will not be very difficult, without any 
Regard had to the foregoing Theory, to find the Ratio 
of the Axes of -a Spheroid, which we may fuppofe to 
have a Nucleus at the Centre, of greater Denfity than 
the reft of the Planetj and hence we ffiall be eafily 
affured of Dr. Gregory’s Miftake. 

XXVII. Setting afide all Attrafrion of the Parts of 
Matter, if the Aftion of Gravity is direfted towards a 
Centre, and is.in the reciprocal Ratio of the. Squares 

vOf 



t *17 3 

of the Diftances, the Ratio of the Axes of the Sphe¬ 
roid will then be that of 576 to 577 : And the Gra¬ 
vity at the Pole is greater than at the Equator by 
j-~jth Part, or thereabouts. Which may foe a Con¬ 
firmation of what is here advanced, efpecially to fuck 
as will not be at the Pains of going through the fore- 
going Calculations. For we may confider the Sphe¬ 
roid nOw mention’d, in which Gravity ads in a reci¬ 
procal Ratio of the Squares of the Difiances, as com - 
pofed of Matter of fuch Rarity, in refped of that at 
the Centre, that the Gravity is produced only by the 
Attra&ionof the Centre or TSTucleus. 

XXVIII. In the foregoing Calculations, in order 
to find the Axes of out Spheroids, and to know whe¬ 
ther their Figure makes a fenfible Approach to that of 
the conical Ellipfis, we have had Reeourfe to this Prin¬ 
ciple, that Gravity ought always to ad in a Direction 
perpendicular to the Surface. Two Reafons have 
prevail’d with us to make ufe of this Principle rather 
than the other, which confifts in the Equilibrium of 
the Columns. The firft is, becaufe the Calculations 
founded thereon are .more fimple. The fecond is, 
that confidering the State of the actual Solidity of the 
Earth, it fhould feem as if this Principle were the 
more indifpenfably necefiary. However, becaufe Sir 
Ifaac Mewton, and all the other Philofophers, who 
have treated about the Figure of the Earth, have taken 
it, as it were, at its firft Formation, at which Time 
they fuppofe it to have been fluid; we fhall here make 
the fame Suppofition, and we 'fhall affume no other 
Ratio for that of the two Axes, than that of the Sphe¬ 
roid, which refults from a Coincidence of thefe two 


Principles. 


We 
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We fhatll begin by inquiring what is the irttire 
Weight of any Column CN, Fig. 7. To do this we 
muft refume die Expreffion of the Attra&ion in any 
Point M of the Column CN; then multiply it by 


r-f-At, and by theDenfity fr p -j-gr q , and afterwards 
we muft find the Fluent. Thus we fhall have 


cf x e *+2 P 


2 p 2 2“j-2q f 2*4-p-f-q 

v I Cg e T 2 |- 2 cf g e 

I +p><3-fp i+qx3+q 2 +P+q x 3+p 


■f 


2 c f2e 2P ^ _j_ 4cf**e~ + 2 P _ 

• 2 - —j— p —{— q X 3 — f— q i-j-pX 3 “i~P x 5 “f"P 


_4 c g * a. e 2 


+ 


8cfg&e 


a-j-p+q 


I + q x 3 + q x 5 +q ' 2 +P"i-qx 3 + px 5 + q 
. r. 8cfg^e 2 ~^~ P ~^~^ | 4 ~4~ 2 P c f * A e 2 2 P 

2 -fp-R' X 3 — f- q ><y+q l + P x 3 + P* 5 4 -P 


+ 


4 ,q^T nro .x Xff 2 ' 1 ~f~q | g -{-4.pcgpA.e 2 ~^~ p -'~^* < ^ 


3 + 4 x 5 + qxi + p 2 + p + qX3 + P X5-l-p 

. |.84-4qcf g k e ~^ p ~^ q f or t | ie tota | Gravity of 
2 +p+qx 3+qx5 + q 

any Column CN, having Regard only to the At¬ 


traction. 

XXIX. If in this Expreffion we make a=^o, we 
ftiall have the Gravity of the Column at the Pole. 

XXX. And if we make a = «, we fhall have the 
Aggregate of the Attractions of the Column at the 
Equator. 

XXXI. Now becaufe the Column C N is in /Equi¬ 
libria with the Column C B; it follows from thence, 
that if we fubtraCt the Weight of the Column C B from 
the Aggregate of the Attractions of the Column CN, 
the Refidue muft be equal to the Sum of the centrifugal 

Forces 
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Forces of the Column C N. Now to endue our Sphe¬ 
roids with this Property, we will refume the Expreflion 
of the centrifugal Force in E, which we found Art* 


XIV. which will give C* 


8 c f e 


i+p, 


-f 


8cge 


i+P 


> 


“3 + P x 5 + P 3+4 x 5 + q 
for that Part of the centrifugal Force which ads ac¬ 
cording to C M, in any Place M, by expunging the 
Terms in which aa, would be found. This Value 
being multiply’d by r, and by the Denfity, will give 

(when we have taken the Fluent) 8cf e -— —^— 

2 + P x 3 + P x 5 + P 
8 c f 2 e 2 a. 


+ 


8 cf<se 2 + p + q ; 




2 +p x 3+q x 5+q 2 + qx 3 + P x 5 +p 


4 -—for the Sum of the centri- 


z ~h q x 3 4-q x 5 4-q 

fugal Forces of the Column CN, dill expunging thofe? 

Terms in which either aa or AA are found. 

Then making this Exprellion equal to 
4 .4 2 p c f‘* e 2 2 P a | 8 4* 4. D c f ? e 2 4 " P 4 " *3 \ 

I 4*P X 3 4"P x 54"P 2 +P+q'X'3 4-pX5 + P 

. 2 + 2 q A 

+ • ' " ' 


8 - f-4-qcF2e 2 ~^~P~^~^ A j 4 + 2 q c 2 * e' 


2 +p+qX3 + q x 5+q * I +q x 3+q x 5+q 
which is the Difference of the Weight of the Co¬ 
lumn at the Pole CB,. from the Sum of the Attradi- 
ons of the Column CN, we {hall have the Equation 

_ ppff _ 2 p q f 2 

• 2 + p + qX 3 +p x 5 +pX 2 -f q 


4 


q q e 


x-j-pX2-}-P x 3“hP x 54"P 

2 pq f g . .. .. 

“f“ 2 q_p 4 q x 3 -V- q x 5 + q X 2 +P 1 i + qX2+qX3+qX5Hh-q 

where we have put e=i, for the greater Simplicity of 

Calculation. 


xxm. 




Determination of 
fuch Spheroids y as 
make the 'Principle 
of the Equilibrium 
of the Columns , and 
that of Gravity per- 
pend'tcular to the 
Surface 0 to coincide 
with each other. 
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XXXII. This Equation informs us, that when out 
©f all the infinite Varieties, which will be fupply’d 

by the Equation of theDenfities D — fr^-j-gr^-f-hr 5 * 
&c. we {hall have taken at Plea- 
fure all the Coefficients, and all the 
Exponents, one only excepted; if 
this laft is fuch in re Sped of the 
others, that it may fulfil the Con¬ 
ditions of the foregoing Equation, 
the Spheroid, being fuppofed in a 
State of Fluidity, will be in (^/Equi¬ 
libria becaufe it will unite as well the Principle of a 
perpendicular Tendency to the Surface, as that of an 
Equipoife of the feveral Columns. 

XXXIII. Before I conclude this Paper, I fhall make 
a few Reflections on the Principles we have now 
made ufe of, for determining the Figure of a Spheroid 
revolving about its Axe. 

The firft Principle which, after Mr. Huygens , we 
have had Recourfe to, and which confifts in making 
Bodies gravitate perpendicularly to the Surface, feems 
to me of abfolute Neceffity. For if there were never 
fo little Water upon the Surface of the Earth, it could 
not be at Reft, if it had a Tendency any how inclined 
to the Surface. 

The fecond Principle, made ufe of by Sir Ifaae 
fflewton, and which confifts in an Equilibrium of the 
Columns C E, C N, C P, could be thought neceflary 
(I think) only for thefc two Reafons: The firft is 
that which is ufually aflign'd, that at the firft Forma¬ 
tion of the Earth, it was probably in a State of perfed 
in which cafe itmuft acquire fuch a Figure, 
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as will refult from the Equilibrium of the Columns, 
and from the Gravitation a&ing perpendicularly to the 
Surface. Indeed though this Reafon has a Degree of 
Plaufibility, yet there are many who think it to be of 
fmall Force. Perhaps, fay they, the Earth has never 
been in this fluid Condition. 

The fecond Reafon, which I believe will have a 
greater Weight with every Body, is this. Confider- 
ing the Earth as it is atprefent, and without carrying 
our Thoughts fo far back as to its Formation, if the 
Ocean, which is now upon its Surface, has any con- 
fiderable Depth, and if its Parts preferve a Commu¬ 
nication with each other, from Region to Region, by 
fubterraneous Canals j it can only keep an Equili¬ 
brium by this Means, becaufe its Superficies is the 
fame as it would have, were the whole a Fluid. 

XXXIV. This fecond Reafon has fuggefted a Re¬ 
flexion to my Mind, concerning the Equipoife of the 
Columns now calculated, Art. XXXI. and XXXII. 
Let us firft fuppofe, that the Earth is our fluid Sphe¬ 
roid, compofed of Beds of different Denfities j and 
that afterwards this Fluid hardens into a Solid, fo that 
the different Beds or Strata , of which it is made up, 
are of no other Ufe but to caufe a Gravity by their 
Attractions. Then let us fuppofe, that the Seas and 
great Waters about the Earth have a Communication 
with each other, by means of fome fubterraneous 
Canals. As the Waters of the Sea, which unite with 
one another, are probably homogeneous, the forego¬ 
ing Calculation, wherein we have confider’d the Sphe¬ 
roid as a Fluid, can no longer take Place, becaufe we 
have there fuppofed, that the Fluid contain'd in the 
Canal BCN is of a Denfity, that varies from the 

C^q Centre 
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Centre to the Circumference. From hence it feems 
to me, we muft undertake the Computation of the 
Equilibrium of the Columns after another Manner, 
thus: 

We muft examine whether two Canals, as CN and 
BC, which are fill’d with a homogeneous Fluid, will 
be in ^ALquilibria, all the other Parts of the Spheroid 
continuing as above. 

XXXV. To do this, we will begin with finding the 
Gravity of any Column CN, (Fig. 7.) arifing from 
Attraction alone. Firft, then, we muft refume the Ex- 
preffion of the Attraction in any Point M, Art. VII. 
Then we muft multiply it by r-j-Ar, which will give 


acfr 


1+Pr * 8-t-apcfxr X + P; j Scf^ + Pr 


4 


?+P -+ 

i4-q • 

2 Cgr 1 n r 


7TT 


34*P x 5 4"P 5 ~f~ P x 5 P 

.j&c. And taking the Fluent of this 


Quantity, we ftiall have 2cfe ~^ p _i 4 -cf x e 2 "^" p 

3+P^+p itPMtP 

■4- — s s — -j— = 4- ~ " &c. for the Gra- 

2-f-pX 3-f-p x 5+P 3-j-qXa-f-q 

vity of the whole Column CN. 

XXXVI. If in this Value we make A=o, we ftiall 
have the Gravity of the Column at the Pole. 


XXXVII. And if we fubtraCt the Gravity of the 
Column at the Pole from the whole Sum of the 
Attractions of the Column CN, we fhall have 

+ tl4 + V , which muft be equal to 
3+p x 5+p 3-f-q*54-q 

the Sum of the centrifugal Forces of the Column C N, 
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in order that the Columns C B and C N may be to 
dsEquilibrio. 

But we fhall find this really to obtain, if we refume 

the Quantity ( 8 c + — if - . \l, which 

\3 + P >< 5 + P 3+q x 5+ c l/ e 
exprefles (Art. XXXI.) that' Part of the centrifugal 
Force in M, which atts according to C M. Then mul¬ 


tiplying this Expreffion by r, and feeking the Fluent 
we fhall have 


4-cf e P ^ 


3 + p x 5 + p 3 + q x 5-fq 


2 + q 

4 c a e k for the Ag¬ 


gregate of the centrifugal Forces of the Column CN. 
And this being the fame as the foregoing, fhews, that 
the Columns CB and CN are in Equilibria , fup- 
pofing them to be homogeneous j nor are we here 
obliged, as in Art. XXXII. where we confider them 
as heterogeneous, to fuppofe the Coefficients f, p, &c. 
to have any certain Relation among one another. 

XXXVIII. Perhaps it may be urged, that the fore¬ 
going Calculus agrees only to a Canal, as BCN, which 
paffes through the Centre; and that we ought to 
prove, in the fame manner, that the Water included 
in any other Canal pqr would obferve an <z_y.Equili¬ 
brium. But it appears to me, that this Property may 
be derived from the former: For it follows from the 
foregoing Calculation, that if we might be allow’d to 
make this Hypothefis, viz. That independently of the 
Attraftion of any Matter, the Gravity at any Diftance 
CN from the Centre, (fee Fig. 7 .) would be proper- 


tionai to «jsl±;-pp-jcf»gr + 

3 *T~P 3+P x 5+P 3 + PX5 + P 

i&c . it Is plain from thence, that a Mafs of the homo- 

Q.q ^ geneous 



[ }°4 3 

genecus Fluid, which fhould turn about the Axis CB, 
would afliime the fame Form as that of our hetero¬ 
geneous Fluids. But if this Spheroid fhould then put 
on a fix’d State, except only fome Canal pqr, the 
Water in this Canal would be in syEquilibrio •, for 
without this, the Spheroid could not be efteem’d as 
having arrived to its fix’d State. But this Suppofition 
comes to the fame as that of our heterogeneous Sphe¬ 
roid, compofed of elliptical Beds, in which fhould 
be found a Canal p q r of a homogeneous Fluid; pro¬ 
vided that the Space, which this Canal pofiefies in the 
Globe, be not of fo large an Extent, as to change the 
Law of Attra&ion. 

It might now be thought feafonable to give Ex¬ 
amples, for illuftrating the foregoing Theory; but 
they are fo eafy to be produced, aftet what is already 
done, that I flhall leave them to the inquifitive Reader, 
having perhaps exceeded the Limits, within which this 
Difcourfe fhould be confined. Therefore I fhall only 
add the few Obfervations following. 

The only three Planets, in which we can be affined 
of Gravitation, and the centrifugal Force, are the Sun, 
Jupiter, and the Earth. As to the Sun, the centri¬ 
fugal Force is there fo fmall, in refpeft of its Gravity, 
that his Poles muft be very little deprefs’d, fo that we 
cannot be fenfible of it by Obfervation. Then as to 
Jupiter, Obfervations make him fomething lefs flat 
than according to Sir Ifaac Newton s that is to fay, 
than if he were compofed of Matter of an uniform 
Denfity. Therefore by the foregoing Theory, he 
muft be a little more denfe towards the Centre, than 
at the Parts near the Superficies. We might make a 
thoufand Hypothefesabout the Mannerof diftributing 

the 
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the Inequality of Denfity, proceeding from the Centre 
towards the Circumference, which would all agree 
with the Figure obferved, and which are very eafy to 
calculate by the Principles here laid down. 

As to what concerns the Earth, I {hall wait till we 
receive the Obfervations which muft have been lately 
made in Peru 5 that by comparing thofe with what 
Obfervations we have made under the ar&ick Circle, 
and with thofe of Mr. ‘Picart in France, we may have 
the true Difference of the Earth's Diameters at the 
Equator and at the Poles. Then our Theory may be 
apply’d, to determine whether the Earth is more or 
lefs denfe at the central Parts than at the Surface, or 
whether it be every-where of an uniform Denfity, as 
it ought to be, if (without admitting very grofs Er¬ 
rors in the Obfervations) it may be concluded, that 
*he Earth is really the Spheroid of Sir Ifaac Newton $ 
and this Cafe would be the fimpleft and the moft natural 
of all. 

I am here obliged to acknowledge, that if the Ob¬ 
fervations we have made in the North may be rely’d 
upon, and if we muft admit as inconteftable as well 
the Meafure of a Degree as the Length of the Pendu¬ 
lum, the foregoing Theory could not be reconciled 
to the Phanomena. For it follows from our Obfer¬ 
vations, that the Diameter of the Equator muft exceed 
the Earth's Axis by more than 7-f® Part: And that the 
Gravity at the Pole muft be greater than that at the 
Equator by more than -jj - 0 Part likewife; which will 
by no means agree with what we have deduced in 
Art. XXIII. 

As to what concerns the Meafure of Gravity in 
Lapland, as being not fo liable to Error as the mea- 

furing 



‘furing a Degree j the Earth may be not quite fo flat as 
Sir Ifaac s Spheroid requires. By the Table of the 
Length of the Pendulum, exhibited in the Treatife 
'Concerning the Figure of the Earth, publifh’d this Year 
by Mr. de Maupertuis, and by Art. XXII. of thepre- 
fent Difcourfe, the Earth may be more elevated at the 
Equator than at the Pole by the Part, or there¬ 
abouts. After the true Quantity of the Earth's flat- 
nefs fhall be fully fettled, if it fhould be found to have 
this Figure, I fhould be apt to think it is a little more 
denfe at the Centre than towards the Superficies. 
But if on the contrary we fhould be well afeertain’d, 
that the Earth is raifed higher at the Equator than at 
the Pole, by above the —3-5 Part j and if, for any fuf- 
ficient Reafon, we may lomething fhorten the Length 
of the Pendulum that beats Seconds in the North i 
there would be fome grounds to allow, that the Earth 
is not fo denfe at the central Regions as at thofe near 
the Surface. But if it fhall happen, that we can nei¬ 
ther diminifh the Length of the Pendulum, nor the 
Excefs of the equatorial Diameter above the Axe 5 J 
ffluft then give up my Hypothefis. Yet I fhall think it 
may be of fome Ufe to have thus difeufs’d it, becaufe 
pofllbly no one would have imagined what might 
have been the Rcfuit of it. It appears that even Sir 
Ifaac Newton was of Opinion, that it was neceflary 
the Earth fhould be more denfe towards the Centre, 
in order to be fo much the flatter at the Poles: And 
that it follow'd from this greater Flatnefs, that Gravity 
increafed fo much the more from the Equator towards 
the Pole, 


II. New 






